Phonon-mediated drag at v = 1/2: A test of the Chern-Simons composite fermion 

theory 
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We report on a study of the phonon-mediated frictional drag between two-dimensional electron layers 
at the Landau level filling factor v — 1/2 predicted by Chern-Simons composite- fermion theory. 
Frictional drag between widely spaced layers is dominated by the phonon-mediated interaction and 
is altered from its zero-field form because of the large composite-fermion effective mass and, less 
strongly, by magnetic local-field effects. We find that the reduced drag resistance p(T)/T 2 peaks at 
a larger temperature and has a different density dependence than at zero field. We compare these 
results with recent experimental findings. 



I. INTRODUCTION 

Comparisons between measured transport properties 
and theoretical predictions have been fruitful in provid- 
ing important information about elementary excitations 
in electronic systems. A recent and rather unusual exam- 
ple may be found in studies of the frictional drag between 
separately contacted, nearby, two-dimensional electron 
layers. Because it is a measure of the interlayer scat- 
tering rate, drag resistance is sensitive to Coulomb and 
phonon-mediated interactions between the layers and is 
related to correlated density fluctuations in the coupled 
bilayer system. Since these depend crucially on under- 
lying electronic degrees of freedom, frictional drag can 
serve as an important test of specific theoretical predic- 
tions concerning the fluctuation spectrum of a given elec- 
tronic system. At zero field, these studies have verified 
many qualitative features predicted by the random phase 
approximation (RPA) theory of correlations in moderate 
density two-dimensional electron systems. On the other 
hand, they have also demonstrated the importance, at 
a quantitative level, of various corrections. These stud- 
ies have a greater potential importance in the fractional 
quantum Hall regime, where simple perturbative RPA- 
like theories fail and our understanding of correlations 
is much less complete. In the fractional quantum Hall 
regime, all electrons share the same quantized kinetic- 
energy and low-energy properties are entirely determined 
by electron-electron interactions. Electrons in the frac- 
tional quantum Hall regime are in the limit of extreme 
correlations. It is the failure of perturbation theory which 
admits all the peculiarities and surprises which have been 
discovered in this field over the past two decades. 

One example of a peculiar strong-correlation conse- 
quence is presented by the Fermi-liquid-like properties 
of the compressible states which occur when the lowest 
Landau level is half-filled. Experimental evidence then 
supports the existence of sapless fermionic excitations 
which form a Fermi surf ace. EJ This is particularly surpris- 
ing because the kinetic energy of the electrons in the low- 



est Landau level is quenched by the large magnetic fields, 
so this Fermi surface must result purely from interaction 
effects. On the theoretical front, the Chern-Simons com- 
posite fermion theory has been spectacularly successful 
in explaining various-experimental findings at the phe- 
nomenological leveocl. It starts from a singular gauge 
transformation which attaches two flux quanta to each 
electron. These new 'composite particles', like electrons, 
obey Fermi statistics and are therefore called compos- 
ite fermions. At v = 1/2, the mean-field flux-density 
from the attached flux quanta exactly cancels that com- 
ing from the external magnetic field. Neglecting fluctu- 
ations, composite fermions at v = 1/2 therefore experi- 
ence zero magnetic field and have a Fermi surface. In the 
random phase approximation (RPA) , the density-density 
correlation function for composite fermions is equal to the 
density-density correlation function for completely spin- 
polarized electrons at zero magnetic field. However, the 
density-density correlation function of the physical elec- 
trons contains an additional local field term associated 
with the attached flux quanta. We will refer to this ad- 
ditional term as the magnetic local field. In RPA theory, 
the magnetic-field dependence of the correlation function 
is completely embedded in this quantity. 

Chern-Simons theory has the advantage of being tech- 
nically and conceptually simple. It suffers, however, from 
various problems, most associated with the composite 
fermion mass scale to*. On physical grounds, it is known 
that to* is determined by the interaction energy scale in 
the lowest Landau level. However, the theory does not 
have a proper lowest Landau level projection so that m* 
has to be fixed phenomenologically. Unfortunately, this 
naive approach leads to a violation of the f-sum rule and 
Kohn's theorema in the sense that certain response func- 
tions should contain the bare electron mass nib- A scheme 
to correct, for this deficiency was developed by Simon and 
Halperincj who introduced the Modified Random Phase 
Approximation (MRPA). The MRPA includes a Fermi 
Liquid like correction, and allows for an effective mass 
to* different from the band mass to& while still satisfy- 
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ing the f-sum rule and Kohn's Theorem. Even though 
this prescription turns out to be surprisingly successful, 
a more microscopic understanding of the role of the low- 
est Landau level projection in the theory is desirable. 

Recently several attempts have been made to con- 
struct a truly Jqswest Landau level theory of com- 
posite fermions.l3il3 Inspired by v = 1/2 variational 
wavefunctionB, it has been realized that the position of 
an electron and a nearby zero of the wavefunction (called 
a 'vortex') are displaced by kil\ for each electron la- 
beled by i = l,---,N. The lowest Landau level con- 
straint and strong correlations tend to bind vortices to 
electrons. The composite object that consists of an elec- 
tron and two vortices satisfies fermionic statistics and, as 
a result, the fcj's have to be chosen differently for each 
composite object. The ground state of these 'neutral 
composite fermions' is given by a Fermi sea in the space 
of hi. One can also show that ki acts as the guiding- 
center-translation generator in the lowest Landau level. 
Within a Hartree-Fock theory of these composite objects, 
the effective kinetic energy has the form kf /2m* with an 
effective Mass m* given correctly by the interaction en- 
ergy scaleB~t3. A self-consistent theory of neutral dipolar 
composite fermions has been constructed and it has been 
shown that, in the long- wavelength low-energy limit, this 
theory (taking the bare electron mass to infinity to re- 
flect the absence of a kinetic energy term in the lowest 
Landau level Hamiltonian) gives the same physical re- 
sponse functiona.aa.those of the Chern-Simons composite 
fermion theorj£3'til. Coulomb mediated frictional drag 
between two v — 1/2 systems depends mostly on the 
long wavelength and low energy limits of density-density 
correlation in each layer. As a result, the two theories 
mentioned above should make identical predictions for 
Coulomb drag. This quantity has been measureccJ and 
the observations are consistent at relatively high tem- 
peratures with the theoretically predicted T 4 / 3 power 
law. til 113 The data does, however, exhibit a low tempera^, 
ture anomaly that has not yet been fully under stood.E3'E£l 

When two 2D electron systems are widely separated, 
the contribution to drag from Coulomb scattering be- 
tween the layers is suppressed and phonon mediated in- 
teraction dominates. Unlike the Coulomb drag case, 
phonon mediated drag is sensitive to density-density cor- 
relations in each layer at relatively high frequencies and 
at wavevectors comparable to the inverse interparticle 
separation. Therefore studies of phonon mediated drag 
should provide useful information about excitations at 
finite frequencies and at large wavevectors, leading to a 
test of the underlying theory at many different energy 
and length scales, not just at the long wavelength and 
low energy limits. Since the equivalence between Chern- 
Simons theory and the neutral dipolar composite fermion 
theories has been established only in the long wavelength 
and low energy limits, studies of phonon drag may reveal 
important differences between these two theories. As the 
first step to investigate the validity of these theories, in 
this paper we report on a comparison between recent 



measurements of frictional draglia between widely sep- 
arated two-dimensional electron layers at v = 1/2 and 
Chern-Simons composite fermion theory predictions. We 
find some qualitative differences between observations 
and trends predicted by theory and speculate on their 
implications for the theory of the half-filled Landau level. 

In the following section we review the theory of fric- 
tional drag and discuss some of the features that are im- 
portant in analyzing drag at v = 1/2. The theoretical 
framework we use to describe frictional drag is based on 
earlier B = work involving two of us .co-While there 
are some issues in the theoretical literaturecirE2l on fric- 
tional drag which are not completely settled, these do 
not impact on the conclusions we draw here and we do 
not discuss them further. In Sec. ^ we present numeri- 
cal results for drag, calculated from (M)RPA composite- 
fermion theory, and compare these with recent experi- 
mental results obtained by Zelakiewicz et al&B. Our con- 



clusions are presented in Sec. IV 



II. FRICTIONAL DRAG 

When two or more electronic systems are placed in 
close proximity, their transport properties are interde- 
pendent. In particular, currents in one subsystem can 
induce (or 'drag') currents in other subsystems. The 
first drag experimentscfl were on coupled two-dimensional 
and three-dimensional electron system. Drag between 
two-dimensional layers has_.been measured in electron^ 
electroi£§E£l, electron-holeO, and recently in hole-holeEa 
systems. In this paper we consider frictional drag be- 
tween two two-dimensional electron gases embedded in a 
GaAs-AlGaAs double quantum well system. The quan- 
tum wells widths L are ~ 200 A and are separated by a 
center-to-center distance d which is large enough to en- 
sure that interlayer tunneling can be neglected (d > 300 
A). We imagine a current density J\ being drawn in the 
first layer while the second layer is an open circuit. To 
counter balance the stochastic drag force between the lay- 
ers, an electric field E% will build up in the second layer. 
The transresistivity, p2i, is defined as 



P21 = E 2 /Ji, 



(1) 



P21 depends on the strength of interlayer interactions 
and on the phase space available for interlayer scatter- 
ing events. 

Theoretical expressions for p 2 i can be derived by 
conventional liae response theory at various levels of 
sophistication.E3c2l Under conditions which are met in 
current experiments, the transresistivity is given by 
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Here rii and Tli(q,u>) are the two-dimensional electron 
density and the polarization function, respectively, of 
layer i. In Eq. (0) Wij(q,oj) is the reciprocal space inter- 
action between layers i and j, and e(q, to) is the interlayer 
screening function, given by 



e = [i + w u ni][i + w 22 n 2 } - wi 1 u 1 u a . 



(3) 



Given the interlayer interaction, this theory of frictional 
drag depends only on the polarization functions of the 
2D electron layers. 

Both interlayer Coulomb interactions and phonon- 
mediated interactions contribute to interlayer friction: 



Wij (q, u) = Uij (q) + V i:j (q, u). 



(4) 



Taking account of the finite quantum well widths, the 
Coulomb contribution is 



Uij{q) = ^B lJ (qd,qL/2) 



(5) 



where k is the dielectric constant of the-semiconductor 
and Bij is a width-dependent form factored. The phonon 
mediated interaction is given by 

V ij {q,u)=Y J I ^\M x (q)\ 2 F l {Qz)F 3 {~Q z )D x {Cl 1 u J ) 

(6) 

where Fi(Q z ) — J dz\ipi(z)\ 2 e~ l< ^ zZ is the Fourier trans- 
form of the electron density in the direction perpendic- 
ular to the layers (ipi is the subband wavefunction in 
layer i), and D\(Q, u>) is the phonon propagator. We use 
the notation Q = (q, Q z ). The index A denotes longi- 
tudinal and transverse phonon modes, A = l,t. Both 
acoustic and optical phonons can contribute to drag, 
but in GaAs/AlGaAs systems acoustic phonops_domi- 
nate under the conditions studied in this paper Ho The 
electron-.aippustic phonon coupling matrix elements are 
given byElEj 
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(7) 



(8) 



where the c\ are the phonon velocities for longitudi- 
nal and transverse phonons, g is the mass density of 
GaAs/AlGaAs, D is the deformation potential, and ehu 
is the piezoelectric constant. In our numerical evalua- 
tions we use c; = 5140 m/s, c t — 3040 m/s, g = 5300 
kg/m 3 , D = -13.0 eV, and eh u = 1-2 x 10 9 eV/m. 

Because their contributions come dominantly from dif- 
ferent regions of wavevector and frequency, it is possi- 
ble, both experimentally and theoretically, to separate 
Coulomb and phonon-mediated contributions to drag. 



Coulomb drag comes from q < d^ 1 , whereas phonon- 
mediated drag is dominated by contributions from q ~ 
2Uf and frequencies at the peak in T>ij near lu — c\q. 
Work at zero magnetic field has established that Coulomb 
drag dominates at small interlayer separations(d ~ 300 
A) but falls off rapidly with increasing d. Phonon medi- 
ated drag, on the other hand, depends only weakly on d 
and has been observed for layers separated by distances 
approaching 1/^m. 



A. Frictional drag at B — 

Frictional drag in the absence of a field is now well un- 
derstood jand the extensive literature has recently been 
reviewed. til Eq. (|^), combined with the Random Phase 
Approximation for tbe. 2D electron system polarization 
function, successfullycd predicts a low-temperature drag 
P21 oc T 2 , a substantial enhanccmcntLETllj of p 2 i due 
to the excitation of plasmon modes at around half the 
Fermi temperature, and a crossover from Coulomb drag 
to phonon-mediated drag for layers separated by more 
than ~ 50nm. Phonon-mediated drag is readily identified 
by its signature dependences on the ratio of electron den- 
sities in the two layers and on temperature. For phonon- 
mediated drag p2i oc T (> at low temperatures (T ~ 0.1 K) 
and varies approximately linearly at higher temperatures 
(T > 5 K). As a consequence the scaled transresistivity 
P21/T 2 , which is more nearly constant in the Coulomb 
case, will have a well defined peak. The origin of this peak 
in P21/T 2 is easily understood by looking at Fig. [l] which 
shows the phonon resonance and the particle-hole contin- 
uum in phase space. The integrand in Eq. (|^) is cut off 
exponentially with lu at fiuj ~ UbT . The full phonon res- 
onance is thus exploited when T = T pca k ~ hc\2kp/kB, 
and a further increase in the temperature will only lead 
to a relatively smaller increase in p 2 i . 

The occurrence of a peak depends only on the phonon 
resonance and the existence of a Fermi surface, which 
leads to a sharp edge of the particle-hole continuum as 
shown in Fig. |lj. The precise location of the peak, how- 
ever, will depend on detailed properties of the polariza- 
tion function at large q as well as on many other param- 
eters of the experiment. At B — 0, good agreement with 
experiment for the overall shape of scaled transresistiv- 
ity curves and for the location of their peaks corroborates 
the theory. Disagreements in magnitude can in part be 
attributed to uncertainties in the electron-phonon inter- 
action parameters (p2i varies approximately as the fourth 
power of the deformation potential constant D and this 
parameter is not accurately known). Corrections to the 
RPA polarization function at large wavevectorEj may also 
play a role. Moreover, the magnitude of p 2 \ depends 
on the phonon mean free path £ p h which appears in the 
phonon propagator. In Ref. |2TJ it was shown that for £ p h 
larger than a critical value £ cr iti the transresistivity is 
enhanced by to a collective mode (i.e. a zero in the real 
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part of the screening function near q = 2kp). At zero 
magnetic field £ C rit ~ 200 pm for n = 1.5 x 10 15 vaT 2 . 

The view taken in this paper is that frictional drag is 
sufficiently well understood that it can be used to probe, 
at least at a qualitative level, the wavevector and fre- 
quency dependent polarization functions of the coupled 
2D electron layers. Just such a probe is urgently needed 
to test composite fermion theory of the half-filled Landau 
level. 



B. Coulomb drag at v — 1/2 

Sakhijtl, Ussishkin and Stcrn,Q and Kim and Milhs0, 
using Chcrn-Simons RPA theory, independently pre- 
dicted that at v — 1/2 the low-temperature transresistiv- 
ity P21 would be greatly enhanced compared to its B = 
value. In these theories p 2 i oc (T/d) 4 / 3 for T -> 0. This 
property follows from the form of the Chern-Simons RPA 
polarization function in the limits q <C kp and u) <C vpq 
(see-Appendix Subsequent experiments by Lilly et 
aZ.Jij did demonstrate increased drag which vanished less 
rapidly than T 2 with declining temperature. The exper- 
imental results are consistent with a T 4 / 3 law, except 
below ~ 0.5 K where the temperature dependence slows 
further and the drag value becomes sample specific. 

In Chcrn-Simons RPA theory, the Coulomb drag en- 
hancement is due to the diffusive character of composite- 
fcrmion density fluctuations at long wavelength and low 
frequency. In Fig. |we plot the Coulomb contribution to 
P21 (evaluated by numerical integration of Eq. (j^)) as a 
function of d for different temperatures. The plot shows 
that for T > 0.1 K, the transresistivity falls of approxi- 
mately as d~ 2 , significantly slower than the d~ A behavior 
at B = 0, but still fast enough to guarantee that phonon- 
mediated drag will dominate for widely separated layers. 
The plots in Fig. [| were calculated using the Chern- 
Simons RPA with an effective mass to* — m c . In Fig. 
H we illustrate the dependence of Coulomb drag on the 
choice of the effective mass, and the difference between 
RPA and MRPA predictions. Phonon mediated drag 
which is dominated by short wavelengths is not enhanced 
by the diffusion-like pole in the polarization function.cil It 
will, however, as we discuss below, be enhanced over the 
corresponding zero-field result. A numerical comparison 
shows that, generally, phonon-mediated drag will domi- 
nate over Coulomb drag for d > 200 nm. 

III. PHONON MEDIATED DRAG AT v = 1/2 

Two qualitative aspects of the comparison between 
phonon-mediated drag at v = 1/2 and at B = can 
be anticipated in advance of any detailed calculation. 
Firstly, since the polarization function is proportional 
to the effective mass, one would expect the phonon- 
mediated transresistivity to be larger at v — 1/2 by a 



factor of approximately (m* /nib) 2 ~ 100. Notice that 
this enhancement is weaker than for Coulomb drag which 
is enhanced by a factor of approximately 1000 (indepen- 
dent of mass for T — ► 0). Secondly, the value of T pca k 
should be larger than at B = for several reasons. The 
Fermi wavevector is increased by a factor of \[2 if, as 
we assume here, the electron system is completely spin 
polarized. The smaller Fermi energy and Fermi velocity, 
which go along with the larger effective mass, should also 
increase T pca ^. For larger m* , the ratio of the phonon 
velocity to the Fermi velocity approaches unity, and the 
most important drag contributions will then come from 
energies near the Fermi energy. Correspondingly, within 
the particle-hole continuum, the largest possible momen- 
tum transfer (which is given by q = 2kp(\ + c\/vp)) is 
larger at v = 1/2 than for B = (c\ <C vp for B = 0). 
Furthermore, since T pea k is close to the Fermi tempera- 
ture Tp, it is necessary to evaluate the polarization func- 
tions at finite temperature. (At finite T the Fermi gas 
polarization function can no longer be evaluated analyt- 
ically. See Appendix [X] for a detailed discussion of its 
numerical evaluation.) When evaluated at finite temper- 
ature, the polarization function has finite contributions 
from outside the T = particle-hole continuum (see Fig. 
|l|) . This additional effect suggests that a further increase 
of Xp Ca k(f = l/2)/T P eak(-B = 0) which should therefore 
be larger than \/2( \ + c\/vp). Indeed our numerical cal- 
culations confirm this expectation which is not, however, 
in agreement with experiment. 

Zelakiewicz et al.cB have measured the transresistivity 
in samples with d = 2600 A and d = 5200 A where they 
find no evidence of a contribution from the Coulomb in- 
teraction. The transresistivity was indeed found to have 
the same qualitative features as at B — 0, except that 
the transresistivity is enhanced by a factor of ~ 200. The 
scaled transresistivity P21/T 2 does have a peak as a func- 
tion of temperature whose location scales with electron 
density as y/n, just as in the B = case. However, the 
value of Tpcak was found to be slightly smaller at v = 1/2 
than at B = 0. The detailed calculations we present 
below thus tend to indicate that Chern-Simons compos- 
ite fermion theory overestimates electron polarizability 
at wavevectors ~ 2kp, as anticipated by the authors of 
Rcf. |l2(_ Our calculations are similar to ones performed 
earlieiEJ at B = 0; the most troublesome complication is 
the requirement that the free-particle polarization func- 
tion be evaluated at finite temperatures. This aspect of 
the calculation is explained in detail in Appendix [A|. 

Figs. ||, ||, and|| show numerical evaluations of P21/T 2 
as a function of T for m* = 0.067m e , m* — 0Am e and 
to* = m e respectively. Calculations at intermediate val- 
ues of to* interpolate smoothly between the trends illus- 
trated in these three figures. The striking differences we 
find in the temperature and density dependences for the 
different values of to* are due primarily to the different 
values of the Fermi temperature compared to the energy 
of an acoustic phonon with a wavelength comparable to 
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the distance between electrons. We concentrate first on 
the property which is most prominent in the experimental 
data, as conventionally presented, T poa k- We discuss its 
dependence on density and the phcnomcnological mass 
parameter m*. At zero magnetic field T pea k = 2.6 K in 
a calculation which uses the same parameters as in Fig. 
|]. Fig. [| shows results obtained when the band mass is 
used for m* so that differences from the B = case are 
due only to spin-polarization and the introduction of the 
magnetic local field. The local field increases the relative 
importance of small angle scattering and decreases T pea k 
below the naively expected value \[2 x 2.6 K. This ten- 
dency of the local field is closely connected to the modi- 
fication which changes the temperature dependence from 
T 2 to T 4 / 3 in the Coulomb drag case. Even with this 
effect, however, T pea k is safely above its zero field value, 
in disagreement with the experimental findings of Rcf. 
|l9| . For this mass, T poa k increases with density approxi- 
mately as y/n as in the B = caser!J The origin of this 
behavior is simply that the highest momentum transfer 
within the particle-hole continuum is proportional to ^fn 
and that the Fermi temperature for these values of m* 
is sufficiently high compared to T pca k that Imn(g,w) has 
negligible weight outside the particle-hole continuum. 

In Figs. H and || we see that T poa k is still larger at 
the larger values of m* required to fit other data in the 
quantum Hall regime. This is in accord with the consid- 
erations outlined above. With increasing m* the Fermi 
temperature decreases and momentum transfers greater 
than 2fcp receive more weight. For higher values of the 
mass, it is interesting to see that the value of T pea k has 
a more complex density dependence, reflecting a compe- 
tition between two effects. As the density increases, the 
maximum possible momentum transfer increases, which 
tends to increase T pca k. At the same time, however, the 
Fermi temperature increases which leads to a smaller con- 
tribution from outside the particle-hole continuum. This 
tends to decrease T pea k. Because of this competition, 
the density-dependence of T pca k(n) changes from increas- 
ing at m* = 0.067m e , to decreasing at m* = 0.4m e , 
to approximately constant for m* > 0.4m e . As for 
the magnitude of the transresistivity, we see that for 
a phonon mean free path £ p h = 100 psm, we would 
have to choose an effective mass in the neighborhood of 
m* = 0.3to c in order to match the experimental result 
that P2i/T p 2 eak ~ 200 mfi/K 2 . (For this choice of param- 
eters , the numerical results need to be multiplied by a 
factor of 5.7 to. match the experimental results at zero 
magnetic fieldc3). 

Phonon mediated drag might not, however, be a good 
way of determining the effective mass of Composite 
Fermions. The critical phonon mean free path £ cr n it- 
self depends on m* (£ C rit 1/( TO *) 2 ) an d will thus be 
different for B = and v = 1/2. In Fig. |?j we plot 
the transresistivity as a function of £ p h for different val- 
ues of m*. At £ p h ~ £ crit a long-lived collective mode 
develops, leading to an enhancement of P21 before it sat- 



urates at £ p h S> £ C rit- The qualitative distance depen- 
dence is rather similar to the zero magnetic field case 
(see Ref. 20): For £ p h <C l a n, the transresistivity de- 
pends logarithmically on d/£ p h, i.e. P21 oc ln(Ad/£ p h) 
for d <C £ P h/A where A is a constant of order 2kpL. 
For d ^> £ P h/A the transresistivity falls off exponen- 
tially, P21 oc exp(— Ad/£ p h)/d. If, on the other hand, the 
phonon mean free path is larger than the critical value 
£ cr it, the distance dependence is more complicated. 



IV. DISCUSSION 

In this paper we describe the dependence of phonon 
mediated drag at v = 1/2 on system parameters and 
composite fermion mass predicted by the Chern-Simons 
MRPA theory. We have focused on the characteris- 
tic temperatures T pca k at which the scaled drag re- 
sistivity p2i(T)/T 2 reaches its peak. Crudely we ex- 
pect fcBT pca k to equal the phonon energy at the largest 
wavevector for which the two-dimensional electron sys- 
tems have substantial charge fluctuations. Because of 
the sharp particle-hole continuum of Chern-Simons com- 
posite fermion theory, the maximum momentum trans- 
fer is close to 2k p, where kp is the Fermi wavevector 
of the composite fermion Fermi sea. These considera- 
tions lead to T pea k ~ %c\2kfp /ks- Since k c J = \J~2kp for 
completely spin polarized composite fermions, T pca k at 
v = 1/2 should be larger than T poa k at B = 0, in dis- 
agreement with experiment. Our detailed calculations 
confirm that, at a qualitative level, this is indeed the 
prediction of Chern-Simons composite fermion theory. 

At a quantitative level, the change of Fermi radius is 
not the only difference which arises in comparing phonon- 
mediated drag at B = and at v = 1/2. One source of 
complication is the strong dependence of the drag resis- 
tivity on the effective mass m* of the composite fermions. 
The large effective mass of composite fermions leads to 
a substantially smaller Fermi energy and Fermi velocity. 
This in turn leads to larger maximum momentum trans- 
fer, q = 2k c F l (l + c\/vf), since c\ is then comparable to 
vp. In addition, contributions to drag from outside the 
T = particle-hole continuum increase. On the other 
hand, the magnetic local field correction increases the 
relative importance of small angle scattering and tends 
to decrease T poa k. Because of these mutually competing 
effects, the position of the maximum is sometimes larger 
than value expected on the basis of naive considerations 
and quoted above. For example, when m* is compara- 
ble to to;,, the Fermi temperature effect is relatively small 
and the magnetic local field effect leads to a T poa k smaller 
than the naive value. Nevertheless, the position of T pea k 
at v = 1/2 is always well above that of B = case. 

We now present a detailed summary of the coraBarison 
between our theoretical results and experunenttj. The 
following aspects of the experimental dataO are consis- 
tent with theoretical results. 
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1. The magnitude of the phonon mediated drag at 
v = 1/2 is about 200 times larger than at B = 0. 
In the theory, the factor of a few hundred comes 
from the enhanced density of states, m,*/2nh 2 , 
of composite fermions compared to the bare den- 
sity of states, mb/2nh 2 , of electrons at B = 0. 
m* /nib ~ 10 according to numerical and theoreti- 
cal estimations! 2 ]. The presence of two layers leads 
to (m* /nit,) 2 ~ 100 fold enhancement in the drag 
rate. 

2. When the phonon mean free path of l p h — 100 fim 
is chosen consistently for B = and v = 1/2, the 
experimental data can be fit by choosing m* around 
0.3m e which is consistent wJth previous numerical 
and theoretical estimations! 2 ]. 

3. There is a well defined maximum of P21/T 2 , sug- 
gesting that v = 1/2 systems have a fairly sharp 
wavevector cutoff for low-energy charge fluctuation, 
as predicted by Chern-Simons composite fermion 
theory. 

On the other hand, the following experimental results do 
not agree with theoretical predictions. 

1. Experimentally, T pea k at v = 1/2 is always smaller 
than that of B = 0. Theoretically it is always 
larger, even when unrealistically small values are 
used for the composite fermion effective mass. 

2. Experimentally, T pea k is proportional to \fn. The- 
oretically, this simple behavior is found only when 
unrealistically small values are used for the com- 
posite fermion effective mass. 

We now discuss some possible sources of these discrep- 
ancies. 

Incomplete spin polarization: In our calculations, we 
assumed complete spin polarization. If the spins are 
only partially polarized, the Fermi sea of the major- 
ity spin would be smaller than in the fully polarized 
case, leading to a smaller maximum momentum trans- 
fer and a smaller T pea k. Recently the spin polarization 
of v = 1/2 state was measured-by NMRocj. In the 
experiment by S. Melinte et al.E3, the electron density, 
n = 1.4x 10 11 cm~ 2 , of their sample M242 is similar to the 
density, n = 1.5 X 10 cm -2 , of the sample studied in the 
drag experiment of S. Zelakiewicz et alJia, In the NMR 
experimented, v — 1/2 is reached when the external mag- 
netic field is B = 11.4 T, compared to the field strength 
B = 12.82 T for v = 1/2 in the drag experimento. This 
NMR experiment can therefore be used to get a reason- 
able estimate of the v = 1/2 spin polarization in the 
drag experiment. We conclude that the spin polarization 
in the v = 1/2 drag experiment at 1 — 2 K was about 70% 
of the full polarization. This would imply that majority- 
spin Fermi wavevector was yTTfkp « 1.3/cp and that of 
the minority spin Fermi wavevector is ^/0.3kp w 0.55k p. 



This reduction in the majority spin-wavevector (1.3kp 
compared to y/2kp) is not sufficient to explain the low 
Tpcak values seen in the experiments. In our theory, we 
would not expect a large contribution to drag from the 
minority spins, and in any event the Fermi radius 0.55kp 
is too small for it to be associated with the observed value 
of Tpeak slightly below that of B = case. We conclude 
that incomplete spin polarization alone cannot explain 
the discrepancy between theory and experiment. 

Breakdown of (M)RPA at large wavevector s: This ex- 
perimental result may signal that the (M)RPA is not 
adequate to describe the large wavevector response of 
a v = l/r2, system. It is generally accepted that Ward 
identities!^ related to conservation laws, limit beyond 
(M)RPA contributions to density-density and current- 
current response functions in the long wavevectors and 
low energy limit. However, it has been also shown that re- 
sponse functions at large wavevectors, in particular near 
2kp , may be, modified at low energies by singular vertex 
correctionala. Even though these singular corrections ap- 
pear at low energies at 2kp, it is certainly possible that 
these singular corrections persist to higher energy scales 
comparable to T pca k or hc\2kp /ks- If this is true, it 
may be necessary to get beyond the (M)RPA to obtain 
an accurate description of phonon-mediated drag. 

Dipolar Composite Fermions: As discussed in the in- 
troduction, there exist at present two descriptions of 
v = 1/2 composite fermions. It has been established 
that these two descriptions are equivalent in the low en- 
ergy and long wavelength limits. However, these two de- 
scriptions may lead to quite different predictions at large 
wavevectors because dipolar composite fermions have a 
finite size which can be comparable to kp 1 . Indeed, it 
has been observed that the equivalence of two approaches 
may break down at higher energies even in the long wave- 
length limittl The singular behavior of the response 
functions near 2kp mentioned above in the Chern-Simons 
theory approach may be a signature of the breakdown 
of the theory at large wavevector scales and a proper 
description of the system at large wavevectors may re- 
quire the fully lowest Landau level dipolar composite- 
fermion theory. Calculations of the relevant response 
functions and of the drag resistivity in ±he dipolar com- 
posite fermion approach are in progresal3. 

In conclusion, the Chern-Simons theory of composite 
fermions overestimates charge fluctuations at the Fermi 
wavelength scale and a proper description of the system 
at large wavevectors may have to take into account the 
extended nature of dipolar composite fermions. 
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APPENDIX A: POLARIZATION FUNCTIONS 
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where go = mb/2irh 2 , z = q/2kp, u — uj/qvF, Tab is the 
band mass, vf is the Fermi velocity, and 



C± = 



\z±u\ 



\z±u\ > 1 
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In this appendix we summarize the techniques we use 
to evaluate the free-fermion polarization functions which 
appear in Eq. (|^) at finite temperatures and, for com- 
pleteness, present explicit expressions for the (Modified) 
Random Phase Approximation polarization functions. 

The electron polarization function Tl c (q,uj) expresses 
the linear response of an electron system to the total 
electromagnetic field. For a two-dimensional system (in 
the x-y plane) and a magnetic induction restricted to the 
^-direction, B = Bz, it is sufficient to consider the num- 
ber density n and the y-component of the number current 
density j y (j x is fixed by particle conservation). In a 2- 
vector notation, the polarization function is defined by 



j a (q,Lu) = ec 2 Tl c ^(q^)A 



total 



(Al) 



where j = (cn,j y ) and A = ($/c, A y ). The scalar po- 
tential <I> and vector potential A are related to the elec- 
tric field E and the magnetic induction B is given by 
E = - V$ and B = V x A with V ■ A = 0. This choice is 
known as the Coulomb gauge. The total field is the sum 
of the external field and the field induced by the current 
and charge response of the system. 

The tensor H e (q,uj) has four components I1q , n^, 
n® , and IT^, which are related by linear response the- 
ory to density-density, density-current, current-density, 
and current-current correlation functions, respectively. 
For the drag calculations we are only interested in the 
density-density response IIqq which is called n(q,aj) in 
the main text. 

H c (q,uj) is known only approximately, even at B = 0. 
In the Random Phase Approximation, the polarization 
function correlation functions are approximated by their 
non-interacting fermion forms. At B — we thus use 

n° 



2n[° ) with 



n, 



(0) 
00 



1 ^ riF(£ k+q ) - riF(£k) 



6, 



IT) 



(A2) 



At zero temperature, the wavevector integral can be eval- 
uated analyticallyca 
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In the fractional quantum Hall regime, electron- 
electron interactions cannot be ignored. In Chern-Simons 
composite fermion theory interactions enter only through 
the local field produced by attached flux quanta. The 
composite fermion polarization function is defined by 



(A7) 



where Aqf, total is the total electromagnetic field seen 
by the Composite Fermions which includes the Chern- 
Simons field. In the RPA (MRPA) anp approximates 
n CF by IlW and relates IT to n CF by&Q 
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Here Am = m* — mi> where m* it the effective mass, 
and no is the equilibrium electron number density, $o = 
2-7r7i/e, and <fr — 2 at half filling. The difference between 
RPA and MRPA lies in the matrix F which is set to zero 
for the RPA. Notice that MRPA reduces to RPA if the 
effective mass is chosen to be equal to the band mass. 



Solving for Hq we get (since TL °i = H 
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In Eq. ( All ) the band mass in the expression for II, 



is replaced by the effective mass, is related to the 

current-current correlation function and is given by 
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which at zero temperature is 



Ren^ 



<°> - ^ + {^ff (sz + C + [(z + uf !]»/» 
m c m c bz \ 

+C_[(z - uf - I] 3 / 2 - (z + u) 3 - (z - uf) 

(A13) 



Here f2± = z ± u, and we have defined the dimension- 
less quantities ft = n/Ep and T = UbT/Ef where /i is 
the chemical potential and Ep is the Fermi energy. For 
parabolic bands ft/T = hi(e 1 / T — 1). For evaluating the 
Fermi-Dirac Integrals we have used efficient algorithms 
that are publicly available. c2l 



In<) = (^fi(^[l-(z- u) r 2 
m*c 62 V 

-D+[l-(z + uf] 3 ' 2 ) (A14) 



with 5q = m* /2nTi 2 . 

At finite temperature, the expressions for 11^ and 11^ 
must be evaluated numerically. We have done this by 
evaluating the angular integral analytically and express- 
ing the functions in terms of Fermi-Dirac Integrals which 
are defined according to 

1 f°° t j 
TAxb) = — -/ ; -dt. (A15) 

3K r(j + i)J b i + cx P (<-x) ^ ; 

We find 
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FIG. 1. A sketch of the (g,oj)-space on which the inte- 
grand of Eq. ^ is defined. At zero temperature Imn(g,tj) is 
zero outside the particle-hole continuum. However, at finite 
temperature the integrand will have finite weight at the posi-i 
tion of the plasmon poles indicated by the dashed lines £3 
(There are two plasmon poles whose exact position and 
strength depend on the interlayer distance). The dash-dotted 
line shows the phonon resonance. Phonon mediated drag is 
dominated by contributions from this resonance for as high 
as possible q limited by uj < T. 
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FIG. 2. The Coulomb contribution to the transresistivity 
calculated as a function of distance between the layers using 
the RPA with m* = m c . The two dotted lines indicate the 
power laws d~ 4 ^ 3 and d~ 2 , respectively. The calculations are 
based on Eq. (0) and the RPA for composite fermions. 
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FIG. 3. The dependence on effective mass of the Coulomb 
contribution to the transresistivity. The temperature is 1 K 
(notice that there is no mass dependence for T — ► 0). Other 
parameters are d = 300 A, L = 200 A, and n = 1.5 xlO 15 m~ 2 . 
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FIG. 4. Scaled transresistivity as a function of temper- 
ature for m* = nib = 0.067m e . The 11 curves are calcu- 



lations for the density ranging from n = 1.0 x 10 
n 



to 



2 in increments of n — 0.1 xlO 15 m~ 2 . Other 
parameters are d — 5000 A, L — 200 A, and £ p h = 100 fim. 
For 7i = 1.5 X 10 15 m~ 2 the Fermi temperature is 62.3 K. 
These calculations are based on the MRPA; corresponding 
calculations based on the RPA show almost identical results. 
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FIG. 5. The same as in Fig. ^ but with m* = 0.4m c . For 
n = 1.5 X 10 15 m -2 the Fermi temperature is 10.4 K. 




FIG. 6. The same as in Fig. ^ but with m* = m c . For 
n = 1.5 x 10 15 m -2 the Fermi temperature is 4.2 K. 
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FIG. 7. The transresistivity as a function of phonon mean 
free path for different values of the effective mass. The plot 
shows how the critical phonon mean free path £ CT it decreases 
with increasing m*. Here, the temperature is 3 K and the 
distance is d = 500 A. 
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